This paper revisits the dual-layer ultrathin film optics, which can be used for functional graded refractive index thin film stack. We present the detailed derivation including s-polarized and p-polarized light under arbitrary incidence angle showing the equivalence between the dual-layer ultrathin films and a negative birefringent thin film and also the approximations made during the derivation. Analysis of the approximations shows the influence of thickness of dual-layer thin films, the incidence angle and desired refractive index of the birefringent film. Numerical comparison between the titanium dioxide/aluminum oxide based dual-layer ultrathin film stack and the equivalent birefringent film verifies the theoretical analysis. The detailed theoretical study and numerical comparison provide a physical insight and design guidelines for dual-layer ultrathin film based optical devices.
Introduction
An optical thin film stack with a proper layout, i.e., spatial refractive index profile, can provide functionalities of anti/high-reflection or optical wavelength filtering which play important roles in photonic technologies. Most optical thin film designs are based on a quarter-wavelength thin film stack, and the film thickness and number of layers are optimized for the desired functionality while restricting to available materials. Alternative to this "digital-like" thin film stack, there is also a so-called graded refractive index thin film stack, which can be used as a broadband and omnidirectional antireflection coating for solar cells or detectors or a high-performance graded refractive index optical wavelength filters (rugate filters) [1] [2] [3] [4] [5] . This graded refractive index thin film stack requires a "continuous" refractive index profile, which cannot be realized with existing available materials. However, it can be approximated with nano-structured thin film [1, 2] , composite-material based thin film [3] [4] [5] [6] or dual-layer ultrathin films [7] [8] [9] [10] [11] [12] [13] .
The dual-layer ultrathin film technique uses a pair of thin films with a high refractive index material (n H ) and a low refractive index material (n L ) to approximate a single-layer thin film with a refractive index in between (n L <n<n H ). As compared to nano-structured thin film and compositematerial based thin film, this dual-layer ultrathin film based graded refractive index thin film stack can be realized using existing deposition methods, e.g., ion-beam assisted deposition or atomic layer deposition etc through monitoring the thickness during the deposition [10] . Besides the applications in graded refractive index based optical thin film coating, this dual-layer ultrathin thin film based multilayer stack is also commonly used in the integrated optoelectronics [11] [12] [13] [14] . Examples include the multiple quantum wells and barriers based waveguide for semiconductor lasers and also an integrated graded refractive index lens with an ultrahigh numerical aperture, which can provide a high-efficiency fiber-to-nanowaveguide coupling as demonstrated very recently.
In the optical thin film coating community, using the dual-layer ultrathin films based structure to approximate an equivalent graded refractive index multilayer was proposed and demonstrated decades ago. An analytical expression of refractive index of equivalent thin film approximated by dual-layer ultrathin films was derived using transfer matrix only for the normal incidence [7, 8] .
Bohren et al later shows the standard deviations using this analytical expression for a dual-layer ultrathin multilayer stack considering the tilt incidence for both s-polarized and p-polarized light [15] .
On the other hand there are quite a number of formulations developed in studying nanostructured or stratified optical devices [16] [17] [18] [19] [20] . For example, Ref. [16] gives the approximated refractive index of effective medium for an ultrathin film stack based on averaging the displacement current for transverse electrical field and electrical field for transverse magnetic field, respectively and shows that an ultrathin film stack can approximate an effective birefringent material. However the expressions give the refractive indices of the equivalent film showing the dependence on the refractive indices of the two materials and the volume fraction, but without revealing the influence of thickness of duallayer thin films, the incidence angle and the desired refractive index of the birefringent film, which are the practical issues in designing the dual-layer ultrathin film stack based devices.
In this paper, the dual-layer ultrathin film optics is re-visited and we firstly present a detailed derivation in Section 2 using the transfer matrix method including the s-polarized and p-polarized light under arbitrary incidence angles to show the equivalence between the dual-layer ultrathin films and a negative birefringent thin film and the approximations made during the derivation. Analysis of the approximations made during the derivation suggests the influence of thickness of dual-layer thin films, the incidence angle and desired refractive index of the birefringent film on the equivalence between the dual-layer thin films and birefringent film. Section 3 gives the numerical verification using titanium dioxide (TiO 2 ) and aluminum oxide (Al 2 O 3 ). Comparison of optical reflectance between the dual-layer film stack and the equivalent birefringent film verifies the theoretical analysis of the influences of the above parameters in Section 2. Conclusion is drawn in Section 4. The detailed theoretical investigation and numerical comparison study can provide a physical insight and design guidelines for effective dual-layer ultrathin film based optical coating. 
Formulations of effective ultrathin film optics and analysis
Items with third-order   (1), it can be seen that this ultrathin film pair can approximate one single-layer thin film with an equivalent refractive index of
To have a full understanding of the effective thin film approximated by the dual-layer ultrathin films, we also need to consider the case of p-polarized light. When the optical phase delay inside the film is sufficiently small as the above, the corresponding transfer matrix for p-polarized light is approximated with 
Similarly, the transfer matrix for a pair of ultrathin films with a respective refractive index of H n and L n (the corresponding thickness is H h and L h ) is the product of these two transfer matrices defined
. The corresponding items of the matrix are
The above four items do not have a similar format when comparing with equation (3) as shown in the case of spolarized light, which is because the effective thin film actually represents a birefringent thin film. Different from the isotropic case, the transfer matrix for p-polarized light in an isotropic film with a dielectric tensor of sin  , is also sufficiently small, the transfer matrix of the birefringent thin film for p-polarized light is (6) Comparison between equation (6) and the results presented in Reference [16] , which are based on the effective medium theory. Different from the sub-wavelength grating based birefringence [19, 20] , the optical extraordinary axis is perpendicular to optical surface for the dual-layer ultrathin film stack and the light beam with obliquely incidence angle can "see" the birefringence.
2) The extraordinary and ordinary refractive index of equivalent birefringent film xx n , yy n and zz n is in-between n L and n H . From the above expressions of ordinary and extraordinary refractive index, it can be also found that it is a negative birefringent film, i.e., . This condition is usually satisfied when the film is very thin. It will be shown in our later numerical and experimental studies that the thickness of individual film is only tens of nanometres for the wavelength range from 400 nm to 1100 nm considered. However this item also indicates that the incidence angle will affect the equivalence between the dual-layer ultrathin films and birefringent film. For a large angle i  , the "ultrathin" film can be much "thicker" as compared to the case of small incidence angle. For example, the thickness of dual-layer "ultrathin" films of the graded refractive index multilayer stack for beam collimating as shown in Ref. [12] can be hundreds of nanometres, which is much thicker because it mainly applies to the light rays with "large" angles. On the other hand, the performance between the dual-layer ultrathin film stack and birefringent film should have a better agreement under large incidence angles as compared to the cases under small incidence angles.
The second approximation employed in the above derivation is neglecting the items of
for the s-polarized light and 
Numerical verification of the dual-layer ultrathin films and discussion
We choose TiO 2 and Al 2 O 3 thin film stack on silicon as our numerical example. The wavelength range considered is from 400 nm to 1100 nm and the refractive index of TiO 2 and Al 2 O 3 is chosen to be 2.34 and 1.67, respectively. The material dispersion will be considered in our experimental investigation [21] . For these two materials, the ordinary and extraordinary refractive index of the effective birefringent film is shown in figure 2 respectively under different volume fraction H f . As summarized in the above section, the refractive index of birefringent film is in between 1.67 and 2.34, and also the extraordinary refractive index is less than the ordinary refractive index. we present three curves corresponding to three incidence angles, namely 0, 44 and 70. The relative error firstly increases when the dual-layer thickness reduces, which is because the optical interference occurs in the individual layers and it makes the dual-layer thin film stack different from the birefringent film. However, the relative error decreases when the dual-layer thickness further decreases, particularly when the normalized thickness of the dual-layer is less than 1/10 wavelength in the medium and it is the typical thickness chosen in designing the dual-layer ultrathin film stack taking account of the equivalence and deposition time required. Now we consider the influence of effective refractive index to be approximated by the duallayer ultrathin films. The normal incidence is chosen in this calculation as it has larger relative errors as compared to the cases of tilt incidence. (n L =1.67), the relative error is larger when the effective refractive index is in the middle between n H and n L , which verifies the above theoretical analysis, and it means during the dual-layer ultrathin film stack design, we can use a non-uniform ultrathin film stack to retain the performance while reducing the total layer number. The maximal value of the relative error has some shift to the low refractive index end, which is because the physical thickness (h L +h H ) is larger when effective refractive index approaches n L , as we fix the optical thickness to be the same regardless of the effective refractive index in the numerical example. 
Conclusion
This paper has revisited the dual-layer ultrathin film optics. We have used transfer matrix method for thin film stack to derive the formulations for dual-layer ultrathin films including s-polarized and ppolarized light under arbitrary incidence angle and the derivation showing the equivalence between dual-layer ultrathin films and a negative birefringent thin film. Analysis of the approximations has been given to imply the influence of thickness of dual-layer thin films, the incidence angle and desired refractive index of the birefringent film on the approximation. Using TiO 2 and Al 2 O 3 dual-layer ultrathin film stack on silicon as a numerical example, we have compared the optical performance between the dual-layer ultrathin film stack and the equivalent birefringent film. Numerical results 
